Abstract-The measured equation of invariance (MEI) has been recently introduced to efficiently and accurately handle the boundary truncation for finite methods. In this paper, we present a theoretical analysis that provides several important insights into the capabilities of the MEI. From the numerical study, we can explain why the ME1 works better than one would expect. Both the theoretical and the numerical analysis demonstrate that the accuracy of the solution is dependent on the electrical size of the geometry as well as the distance between the mesh boundary and the geometry. From the analysis, we propose a new set of metrons that is less sensitive to the excitation than the previously proposed sinusoidal metrons.
I. INTRODUCTION
HE finite element method (FEM) has always been handi-T capped in the modeling of electromagnetic phenomena because of its inability to both accurately and efficiently simulate the radiation condition. In the past 25 years, researchers have developed numerous boundary conditions to model the radiation condition. The work can be separated into two classes of methods, local and global. In the local methods [1]-[5], a finite difference (FD) equation is derived for the boundary based on an approximate assumption of the behavior of the field. Usually, the wave is assumed to be outgoing from the computation domain in a direction perpendicular to the boundary. In addition, the FD equations are derived without any consideration of the geometry of interest. The major advantages of the local methods are that they maintain the sparsity of the FEM matrix and that they are easily implemented into an FEM code. The major disadvantage is that they may give inaccurate results when the mesh boundary is placed close to the geometry. To assure an accurate solution, the boundary must be extended a large distance from the geometry, which may dramatically increase both the computation time and the storage requirements. The choice of where to place the boundary is also not clear. Currently, the only way to determine the correct placement of the boundary for complex geometries is empirical. The minimum distance between the scatterer and the grid boundary is dependent upon the geometry, the characteristics of the excitation, and the degree of accuracy desired: so, in principle, numerical tests must be run for each new geometry.
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The global methods are based on a rigorous formulation in which all the nodes on the boundary are coupled together; therefore, an accurate solution can be obtained without regard to the distance between the geometry and the mesh boundary. In some methods [6] , [7] , the equations that couple the boundary nodes are placed directly in the FEM matrix. However, this has the effect of reducing the sparsity of the matrix, which can result in a significant increase in computation costs. In other global methods [8] , [9] , the boundary equations are decoupled from the rest of the FEM matrix. Although these methods are usually more efficient than those in [6] and [7] , they still require the solution of a dense matrix due to the fully coupled boundary equations. In addition, the computation time required to decouple the boundary equations from the FEM matrix is comparable to the solution time of the FEM matrix without the boundary equations.
Recently, the measured equation of invariance (MEI) [ 101 has been proposed as a rigorous local method for modeling perfectly conducting cylinders. It is based on the concept that accurate local FD equations can be written at the boundary nodes if the geometry information can somehow be incorporated into the equations. Thus, a general FD equation is used at the boundary where the coefficients in the FD equations are unknown. These coefficients are then determined by the use of a sequence of fields called measures. A more detailed discussion of this procedure is described in the next section. The ME1 has also been extended to dielectric cylinders [ll] . Although both groups were able to show that the ME1 works well for several geometries, the method is still in its infancy, and there is very little theoretical foundation to explain why the ME1 works. In this paper, we provide some theoretical insights into the MEI. We show that the ME1 approach still produces an approximate boundary condition. However, because the geometry information is incorporated into the boundary condition, it is capable of producing very good results with appropriately chosen metrons. The sinusoidal metrons tum out to be very good choices for the geometry we consider, and in our numerical study we will explain the reason for this. The numerical study also demonstrates the effect of changing various parameters in the MEI.
THEORETICAL ANALYSIS

A. Review of the MEI
To analyze the MEI, let us consider the problem of electromagnetic scattering from a two-dimensional perfectly conducting cylinder in free space (see Fig. 1 ). E,. The grid surrounding the cylinder can either be a finitedifference or a finite-element grid. For this analysis, let us consider a finite-difference grid. At the boundary of the grid, we cannot apply the traditional finite-difference approximation because the traditional difference approximation requires grid points that are exterior to the grid. Thus we must find another finite-difference approximation that incorporates the radiation condition. The measured equation of invariance is based on the principle that a linear equation that couples the boundary nodes to the adjacent nodes can be formulated without using the traditional finite-difference approximation. One possible coupling is the six-node coupling shown in Fig. 1 , where node 6 is coupled to nodes 1 through 5. To simplify the notation, the analysis is presented in terms of this coupling scheme without any loss of generality. The linear equation at node 6 can be written as
where EZi is the scattered electric field at node i and ai are constant coefficients that must be determined. To find these coefficients, Mei et al. [lo] use three postulates in which they conjecture that the equation in (1) is 1) location dependent, 2) geometry specific, and 3) invariant to field excitation. The first two postulates can be shown to be true by numerical experimentation. These two postulates are also inherently incorporated into the global methods described in the previous section. The validity of the third postulate is not as clear. If the third postulate is true, then the coefficients in (1) can be determined from the field solutions at the six nodes due to five linearly independent excitations or metrons (only five are needed since the sixth coefficient is arbitrarily specified), which are denoted by the symbol @k. The five metrons represent five linearly independent surface current density distributions on the conducting cylinder. The metrons are usually chosen to be entire domain and to vary sinusoidally over the cylinder. For example, the choice in [lo] is Although the results presented in [lo] and [ l l ] seem to indicate that the third postulate is true, there were some unexplainable discrepancies in the numerical results. The reasons for these discrepancies can be determined from an analysis of the MEI. 
B. Analysis of the MEI
An equation can be written relating EZi to the induced electric surface current density J, on the cylinder, as follows:
where iii is the position vector to node i and g(@i, G') is the free-space Green's function, which is given by
The variable ko is the free-space wave number given by ko = w m . The above equations are for the TM polarization. For the TE polarization, the nodal unknown is the z-directed magnetic field, which is related to the electric surface current by .fi . Vg where .fi is the unit normal from the conductor surface. Equation (3) is substituted into (1) to obtain Recognizing the fact that g(Ji, ,?I) = g ( c ' , E ) , we rewrite (5) as 1 The term inside the brackets has a special physical significance. It represents the electric field on as, due to six line sources of weights ai located at the corresponding nodes i. Let us define the null field denoted by Enull to be
In order for the third postulate to be true, a set of coefficients ai must be found such that (6) is true for all possible excitations, i.e., all possible J,($ ') for p" E as,. This is possible only in the instance that
(8)
However, it is impossible to choose a set of coefficients a, such that (8) is satisfied. Thus, the third postulate is incorrect. It should be noted that we use the notation Enull in (7) since the desired value of Enull is zero.
Although the third postulate is wrong, the numerical results presented in [lo] indicate that the method has some merit. The procedure in which the coefficients are determined from the metrons may provide some insight into the accuracy of the MEI. To find the coefficients, we use the metrons in (2) in place of J, in (5). The coefficient are then determined from the resulting matrix equation. With this choice of coefficients, the null field is orthogonal to any current distribution on the cylinder that can be represented by a linear combination of the metrons. Thus, any excitation of the cylinder that induces a current distribution that can be represented by a linear combination of the metrons is perfectly absorbed by the boundary condition produced from the MEI. For an arbitrary case, the current density J, can be broken down into
where Jmet is the part of the current density that can be represented by the metrons, i.e., where the residual R is defined from (6) and (7) to be Since Jmet is orthogonal to En,,1l, (12) reduces to R = Lsc Enull(?')Jresdll.
(13)
For small smooth cylinders, J,,, is small compared to Jmet because the current distribution can be accurately described by the metrons in (2) . Even for cases where Jre, is locally large, such as near sharp comers of conductors, R may still be a small value since the integration in (1 3) is performed over the entire cylinder. For cylinders that are electrically large, J,,, may become larger than Jmet, which may result in significant errors in the solution unless the residual R due to Jres is small.
C. Altemative Metrons
The metrons in (2) seem to have been chosen arbitrarily because of the assumptions of the third postulate. This was a fortunate choice, as we will see in the next section. However, with the above analysis of the MEI, it is now possible to develop a variety of different schemes for the determination of the coefficients ai. In this section, we propose a scheme to determine the coefficients without the use of metrons. The ideal boundary condition would be the case where coefficients can be found such that (8) 
las,
Substituting (7) into (14) and applying the method of least squares, we obtain the following set of equations for a,:
as, z=1 (15) where g* is the conjugate of the free-space Green's function and a6 is assumed to be specified. It is interesting to note that the determination of the coefficients from (15) is mathematically equivalent to choosing g* as the metron. Thus, g* can be used as an alternative set of metrons although the derivation is based on the minimization of Enull rather than on any concept of "measuring" the F D equations.
NUMERICAL STUDY
The major computation cost associated with the ME1 is the integration of the metrons. The complexity of the integral evaluation is N M where N is the number of nodes on the boundary of the grid and M is the number of integration points on the cylinder surface. We can choose M = N to perform the integration. However, the coefficients a, are very sensitive to the integral evaluation, and we found that with the choice of M = N (20 nodes per wavelength), the results are inaccurate when sinusoidal metrons are used and the number of layers is less than four. We were able to obtain good results all the way down to two layers with M = 4N. The inaccuracy is due to the singularity of the Green's function, and we expect that good results can be obtained with M M N if unequally spaced integration points are used or if the singularity is extracted analytically. For the numerical study here, our interests are not in numerical efficiency but rather numerical accuracy; therefore, we have chosen M = 10N to generate the results.
The ME1 is not a symmetric formulation, so the resulting finite difference matrix equation is also nonsymmetrical.
A. Initial Observations
Numerical problems that will be considered in this paper all relate to plane wave scattering from a perfectly conducting circular cylinder (see Fig. 2 ). This geometry is chosen because the series solution is known and also because the sinusoidal metrons are easily identified with terms in the series solution. We will always use a nodal density of 20 nodes per wavelength, two layers of nodes, and sinusoidal metrons given by (2), unless explicitly stated otherwise. It should be noted that the conclusions drawn for the numerical results are not applicable to problems in which the truncation boundary The application of the ME1 method to small smooth cylinders should yield excellent results. This is demonstrated in Fig.  3 , where the magnitude of surface current density, computed using the ME1 method, is compared to the series solution for the case of a 1-wavelength diameter circular cylinder where the incident plane wave is chosen to be TE polarized. Previously, we argued that the reason for the good agreement lies in the fact that the actual current distribution can accurately be represented by a linear combination of metrons; therefore, there should be very little error since the ME1 boundary equations work perfectly for the metrons. To verify this fact we require a quantitative measure of how well the ME1 boundary equation absorbs field radiated by a particular current distribution. This measure is provided by the residual R, which has been introduced in (12). A smaller residual indicates a more accurate boundary condition for that current distribution on the cylinder. Let us define R, to be the harmonic residual due to an electric current density given by exp(jn4). In Fig. 4 , the normalized magnitude of R, is plotted versus n for a 1-wavelength diameter cylinder. As we might expect, residuals corresponding to the zeroth-, first-, and second-order harmonics are zero, indicating perfect absorption, due to the fact that metrons given by (2) are equivalent to these three harmonics. However, it is evident from the figure that higher order current distributions result in much larger residuals. For the sake of comparison, Fig. 4 also shows the normalized magnitude of Fourier spectrum of the actual current distribution. No significant current components are present in the region where the residual attains large values. We have, therefore, verified that for small cylinders, or whenever a current distribution to be computed can be expressed as a linear combination of metrons, the ME1 method yields excellent results.
But what happens if the aforementioned conditions are not met, as might be the case with larger cylinders? Fig. 5 is a plot of the magnitude of the surface current density due to a TEpolarized plane wave incident on a cylinder 10 wavelengths in diameter. The ME1 and series solutions are compared, and we observe that the error is much more noticeable than in Figure 3 for the 1-wavelength diameter cylinder. However, the ME1 solution still follows the general shape of the series solution.
A glance at the spectrum of the current distribution in Fig. 6 indicates that significant harmonic components are present up to approximately the 35th order. The metrons, which are only associated with the first three harmonics, cannot accurately represent the actual current on the cylinder, yet the results in Fig. 5 are satisfactory. Furthermore, a plot of the normalized magnitude of the residual for different harmonics in Fig. 6 reveals that the residual is practically zero for all the harmonics up to approximately the 20th order even though one would expect it to be zero only for the first three harmonics that are used as metrons. It is also evident that the residual becomes significant in the region where there are still significant spectral components of the current. This explains the deterioration in accuracy when compared to the smaller problem shown in Fig. 3 . The overlap between regions of nonzero residual and nonzero current spectrum becomes even more pronounced as the size of the problem is increased. Fig. 7 is a plot of the magnitude of the surface current for a cylinder that is 100 wavelengths in diameter due to a TE-polarized plane wave. In Fig. 8 , we show the normalized magnitudes of corresponding harmonic residuals and current spectrum.
Let us summarize the most important observations made thus far. First, whenever a linear combination of metrons accurately approximates the actual current distribution, the ME1 method gives excellent results since the residual is zero for all spectral components of current that are of interest. Second, even if the above-mentioned conditions are not satisfied, the results obtained with the ME1 method are very good. Although the residuals for only the first three harmonics are explicitly forced to zero, the residual is relatively small for most of the remaining harmonic components of interest. In other words, currents that are much more rapidly varying than the metrons produce fields that are readily absorbed by the boundary condition. Third, as the size of the problem is increased, the accuracy is impaired. Residuals corresponding to the most rapidly varying current components increase. It is evident by now that the accuracy of the ME1 solution can be judged by observing variations in the harmonic residuals. On the other hand, the behavior of these residuals is essentially determined by the choice of metrons. However, before we proceed into further analysis of these relationships, 
B. Null Field
Throughout the remainder of this paper we shall be referring to results of the ME1 method as applied to a 10-wavelength diameter circular cylinder illuminated with a TM-polarized plane wave. However, this is merely a workhorse for our numerical study since we have found that the conclusions hold for circular and square cylinders of various sizes. Fig. 9 is a plot of the magnitudes of the harmonic residuals when the low order sinusoidal metrons are used to produce the ME1 coefficients. A semilogarithmic scale reveals certain details not visible in the corresponding linear scale plot shown by the solid curve in Fig. 12 . Only the first three harmonics, that is, only metrons, yield residuals that are exactly zero (finite numbers due to numerical roundoff). Three regions in the variation of harmonic residuals are now evident. The first region, where the residuals are exactly zero, coincides with the metrons. Within the second region, the residuals are not exactly zero, but they are insignificant for all practical purposes. The reason for the existence of this region will be explained in this and the following subsection. The fact that the ME1 produces an excellent boundary condition for the harmonics in this region is the reason for its success when applied to large geometries. Finally, after a certain threshold spatial frequency, the residual abruptly increases, indicating the failure of the boundary equation to absorb fields radiated by these rapidly varying currents. The abrupt increase is not discernible on the semi-log plot, but it is very evident on the linear plot in Fig. 12 . It is the overlap of this third region with the region of nonzero spectrum of the current distribution that ultimately determines the amount of error in the ME1 solution.
Based on the above discussion of the behavior of the harmonic residuals, we can provide some additional insight into the theoretical concept of the null field, defined by (7). The null field is simply a linear combination of individual fields radiated by unit line sources placed at all the nodes that are coupled through the ME1 equation. This situation is shown in Fig. 10 . The magnitudes of all six line source fields are plotted along with the magnitude of the null field that has been obtained by linearly combining these six fields through the use of the ME1 coefficients. Fields are sampled along the cylinder surface. According to (14), the null field should preferably be as small as possible in order for the ME1 method to be accurate. Indeed, as we can see in Fig. 10 , the null field is much smaller than any of the six components. It is the purpose of the ME1 coefficients to weight each one of the line source fields in such a way that they cancel each other as throughly as possible.
The null field bears a very close relationship to the harmonic residuals. In fact, since R, is the residual due to nth harmonic current, it is easy to show from (12) that the R, is the same as the nth term in the Fourier series of the null field. It is therefore possible to obtain the harmonic residuals simply by finding the Fourier spectrum of the null field. Following this direction, we show in Fig. 11 the magnitude of the Fourier spectra for the fields radiated by line sources placed at the six nodes on the mesh boundary where the ME1 equations are to be applied. One thing is immediately brought to our attention. The spectra are almost identical up to approximately the 20th order, where the harmonic residuals were found to be significant. Indeed, we argue that it is exactly this property of the Green's functions emerging from nearby points, i.e., that they differ significantly only in higher spatial frequencies, which is responsible for the high accuracy of the ME1 equation even when applied to currents that are much more rapidly varying than the metrons and are not expressible as the linear combination of the latter. We shall make this point clearer in the next section.
C. Parameter Study
In the ME1 method, the coefficients were chosen such that the first three harmonics of the null field are zero. However, order of harmonic Fig. 11 . Plot of the magnitudes of the Fourier spectra of six Green's functions that were shown in Fig. 10 .
since the spectra of the six Green's functions are virtually identical up to the 20th harmonic, we should be able to use any a r b h r y set of harmonics between 0 and 20 and obtain essentially the same coefficients. In Fig. 12 we see that this is actually the case. The null field spectra are plotted for different choices of metrons. The traditional choice of metrons, i.e., zeroth, first, and second harmonic as metrons, yields almost an identical spectrum to that obtained from the use of the zeroth, fifth, and tenth harmonics as metrons. On the other hand, the use of metrons outside the interval where Green's function spectra are identical, as for example using the zeroth, 24th, and 35th harmonic as metrons, gives radically different results that are actually better. For the sake of comparison, Fig. 13 shows the magnitude of error in the ME1 solution for the above-mentioned metron choices. It is evident that the solution is insensitive to the choice of metrons as long as they are chosen from the spatial frequency interval where the Green's function spectra do not differ much. It is also evident that a smaller residual leads to a better solution.
One obvious way to reduce residual and thereby improve the solution is to move the boundary of the mesh farther away from the cylinder. One can perform a simple analysis to show that the differences between the Green's functions due to the six line sources decrease as the boundary of the mesh is moved farther from the cylinder. Evidence of this is shown in Fig. 14 , where the magnitudes of harmonic residuals are plotted for the mesh consisting of two, four, and six layers. The corresponding magnitude of the error in the current on the cylinder is shown in Fig. 15 . Thus, moving the boundary farther from the scatterer reduces the residual and improves the solution.
There are other ways to improve the solution, such as selecting a suitable set of metrons. We have already seen in Fig. 13 that by choosing the zeroth, 24th, and 35th harmonics to be the metrons, we obtain better results than for the other two choices that were investigated. One way to systemize this choice is to use more metrons than unknown coefficients-in this case, more than five-and then to solve for the coefficients with the least square approach. Fig. 16 shows what happens with the magnitude of harmonic residuals as the number of metrons is increased from 5 to 50 and 100. In Fig. 17 Plot of the magnitude of the error in the ME1 solution for the surface (15). In other words, one could use five metrons equal to the conjugates of the Green's functions to obtain the same solution as if one were to use an infinite number of sinusoidal metrons. This is verified numerically in Table I . Fig. 18 shows the magnitudes of the harmonic residuals corresponding to 300 sinusoidal, 500 sinusoidal, and 5g* metrons. The convergence towards the g* solution is evident.
The sinusoidal metrons usually perform either as well as or better than the g* metrons for the cases shown here. We expect this behavior because the problem of plane wave scattering from circular cylinders results in surface currents whose spectral content is located at the lower harmonics. Since the g* metrons optimize the coefficients for all the harmonics, the residual for the lower order harmonics are not as well minimized as for the case where the low-order sinusoidal metrons are used. It should be noted, however, that for sources and cylinder shapes that induce surface currents with a broader Plot of IR,, I for the case shown in Fig. 9 , but using 5, 50, and 100
[degrees ]
Plot of the magnitude of the error in the ME1 solution for the surface Fig. 17 . current density as a function of 0 for the three cases shown in Figure 16 . TABLE I range of harmonics, we expect the g* metrons to perform better than the sinusoidal metrons. The choice of metrons is really dependent on the geometry and excitation in the problem.
IV. CONCLUSION
In this paper, a theoretical foundation has been provided for the MEI. It was shown that the method is a local approx- order of harmonic Fig. 18 . 500 harmonics, and the conjugates of Green's functions as metrons.
Plot of IR,lfor the case shown in Fig. 9 , but using 300 harmonics, imate boundary condition. However, because this boundary condition incorporates geometrical information, it can be expected to produce better results than other local boundary conditions. A numerical study has been performed showing the influence that various parameters have on the ME1 solution.
The parameters include the electrical size of the scatterer, the distance between the mesh boundary and the scatterer, and the choice of metrons. The theoretical analysis has been verified by the numerical results. We have shown why the ME1 method successfully handles current distributions that are not expressible as linear combination of metrons. We have also identified the major sources of error. It was shown that the performance of the boundary condition can be predicted before the actual problem is solved. We have also proposed a new set of metrons that gives the same results as those obtained using an infinite number of sinusoidal metrons. The results presented here and in previous papers are only the initial work on this new method. Based on our experiences with this method, we believe that major improvements on the method can be made in the future.
